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Fluid behavior under 
extreme conditions

Fluid behavior under 
extreme conditions



“Macro” scales → nuclear/particle physics

The Frontiers of Fluid Dynamics

Quark-Gluon Plasma formed in ultrarelativistic hadron colliders



Viscous Fluid Dynamics in Strong Fields

Neutron Star Mergers

The Frontiers of Fluid Dynamics
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(Nearly) Perfect Fluidity of the QGP in Colliders

QGP as a viscous relativistic fluid

5

v-USPhydro

Temperature

Pb+Pb at LHC

J. Noronha-Hostler, B. Betz, JN, M. Gyulassy, PRL 2016

Anisotropic Flow 



The 
unreasonable 
effectiveness of 
fluid dynamics
in heavy-ion 
collisions
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Very smooth fluid over nuclear length scales

macro

micro

At first (< 2010), it seemed that hydrodynamics was justifiable

Fluid dynamics at scales of the
size of a large nucleus

Knudsen number

near equilibrium dynamics

Quark-Gluon Plasma and Relativistic Fluid Dynamics

QGP
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QGP energy density

Knudsen number
is large

Reality is much more complicated …
J. Noronha-Hostler, JN, M. Gyulassy, PRC 2016

PARADOX: Knudsen number is large but “hydro” still works

This issue must be understood …

• Unavoidable quantum fluctuations
• Large spatial gradients at early times



How can fluid dynamics 

emerge even

far from equilibrium?
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Relativistic Fluid Dynamics

Conservation Laws
(energy and momentum)

ideal part dissipative part

Energy-momentum tensor

What is the dissipative part?



Zero
viscosity

1st order in Kn
Relativistic 
Navier-Stokes

2nd order in Kn^2

Standard view (past 100 years): Knudsen/gradient expansion

Hydrodynamics → Effective theory for               near local equilibrium

Dissipation included via a Knudsen/gradient expansion

• Does this power series in Kn converge ? What if it doesn’t? 

• How does one approach the Kn ~ 1 limit ?
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Does the Knudsen (gradient) series diverge?

Seminal work by Heller, Janik, Witaszczyk, PRL (2013)   



13

Holographic Duality

Model for the strongly coupled QGP

Klebanov, Maldacena, Physics Today (2009)

Does the Knudsen (gradient) series diverge?
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Strongly coupled gauge theory String Theory/Classical Gravity

Holographic correspondence (gauge/gravity duality)
Maldacena 1997; Witten 1998; Gubser, Polyakov, Klebanov 1998

“bulk”

“QGP”
(t,x,y,z)

M, Q, J

Fluid dynamics from
black hole physics!

ballpark of QGP!

KSS, PRL 2005



Black Hole 

“Engineering”
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Example: QCD phase transition in the early universe
Buchel, Heller, JN, arXiv:1603.05344, PRD (2016)

Embed the strongly coupled plasma in an expanding universe
(N=2* gauge theory)

Friedmann-Robertson-Walker
(FRW) universe

Knudsen number

Holography determines the entropy production

• Isotropy and homogeneity
• Flow velocity is known

https://arxiv.org/abs/1603.05344
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Example: QCD phase transition in the early universe
Buchel, Heller, JN, arXiv:1603.05344, PRD (2016)

Series diverges!

Entropy production from holography – Expanding Universe

After resummation of the divergent series →

A

Dual to black hole Quasinormal mode

Ringdown

Non-perturbative!!

https://arxiv.org/abs/1603.05344
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“Divergent series are the invention of the devil, and it is shameful to
base on them any demonstration whatsoever”

N. H. Abel (1802-1829)

Example: Harmonic series



How does one resum a divergent series? 
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How does one resum a divergent series? 

201 + 2 + 3 + …  = - 1 / 12

New York Times
(2014)

MAGIC ?
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Example: Consider the following asymptotic expansion

perturbative
non-perturbative

Hydrodynamics expansion should also have this generalized form

perturbative
non-perturbative

Trans-series and Resurgence Theory
Ecalle (1980), Constin, Dunne, Unsal, Schiappa, Heller and etc



Israel-Stewart Theory

Dynamics is given by the conservation laws and 

(shear       )

(bulk       )

Israel, Stewart, Ann. Phys. 118, 341 (1979)

set of variables are 

This already involves a resummation of gradients

⌘
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Is there  

universal 

behavior even 

far from 

equilibrium?

2
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From Paradox to Paradigm



Hydrodynamic Attractors

D
issipative stress

0

Resummation in Knudsen number

System behaves as a fluid, even though gradients are very large

Heller, Spalinski, PRL (2015)



The analytical hydrodynamic attractor
G. Denicol, JN, PRD (2018), See also arXiv:1908.09957 [nucl-th]

Israel-Stewart theory with constant relaxation time

+ Bjorken flow

can be FULLY solved analytically

Energy density

http://arxiv.org/abs/arXiv:1908.09957


Full solution for shear stress tensor

First analytical expression for a hydrodynamic attractor

Non-perturbative behavior

• Resummation of gradient series

• Trans-series

Attractor



Far-From-Equilibrium Hydro – Attractor Behavior

N = 4 SYM at strong coupling

• Very different transient behavior at weak vs. strong coupling.

• Jets: ideal tool to characterize the transient regime.

Bjorken flow

M. Strickland, JN, G. Denicol, PRD 2018

Boltzmann (weak coupling)



• The surprising effectiveness of fluid dynamics in heavy
ion collisions                  Hydrodynamic Attractors

• This is the leading hydro-like justification for the collective 
phenomena observed in ultrarelativistic heavy-ion collisions.

• What are the consequences of these ideas to other areas 
of physics? 



Bose-Einstein 
condensate

“Fluid”

Large 
systems

small 
systems

HIC

Emergence of fluid dynamics: A bird’s-eye view 
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Bose-Einstein 
condensate

Large 
systems

small 
systems

Emergence of fluid dynamics: A bird’s-eye view 

Gra
vity

Neutron star mergers

“Fluid”
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HIC
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What new phenomena appear when viscous 
fluids are coupled to strong gravitational fields?

Fig. from L. Rezzolla’s talk at QM2019
Reference: Most, Papenfort, Dexheimer, Hanauske, Schramm, Stöcker, Rezzolla, PRL (2019)

Neutron Star Mergers
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How does a lump of baryon rich QCD matter flow
under strong gravitational fields?

Viscous fluid dynamics   +   strong gravitational fields?

Viscous effects in neutron star mergers?
Duez et al PRD (2004), Shibata et al. PRD (2017), Alford et al. PRL (2018)

Fig. by L. Rezzolla

New signatures for deconfinement/phase transitions?
e.g. Most et al., PRL (2019)
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• Viscosity and magnetic fields affect differentially rotating remnants

• Effective shear viscosity driven by local MHD turbulence 

What about the evolution of hypermassive remnants?

Duez, Liu, Shapiro, Stephens, PRD (2004)

Shibata, Kiuchi, PRD (2017):
Gravitational wave form
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Viscous effects in binary neutron-star mergers?
Alford, Bovard, Hanauske, Rezzolla, Schwenzer, PRL (2018) 

• Low densities (EOS)

• Neutrino transparency (low T)

• High frequencies (f > 1 kHz)

Bulk viscous damping in neutron star mergers 

Alford and Harris, PRC (2019)
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Viscous Fluid Effects in General Relativity

Challenge: Prove that the solutions                          are 
well posed (existence, uniqueness) and causal in the 
nonlinear regime

Conservation Laws + Viscosity



36

Relativistic Navier-Stokes Equations

Energy-momentum tensor with bulk viscosity

Eckart
1940 Landau

This theory is acausal
(see Pichon, 1965)

Navier-Stokes ~ Nonlinear diffusion

Conservation laws:

Also UNSTABLE!



37

What about Israel-Stewart theory?

• 16 coupled nonlinear PDE's (Einstein + fluid equations)

Israel-Stewart Equation

Bulk scalar

• Causality? Existence? Uniqueness? Nonlinearity?

• Open problem in physics and mathematics since
the 1970’s.



1st Proof of 

CAUSALITY, 

EXISTENCE, AND 

UNIQUENESS in 

the full nonlinear 

regime

38

Bemfica, Disconzi, Noronha
PRL (2019)



Proved that Einstein-Israel-Stewart equations can be written as

where

Main Condition

• Full generalization to include shear viscosity: Done!
• Investigate consequences to neutron star mergers

and heavy-ion collisions (HIC).



Causality constraint and small systems in heavy ions

C. Shen, QM2019

Dependence on 
transport coefficients !!!

Zero baryon density

Further constraints will 
appear when shear effects 
are included!



Is the 

description 

of relativistic 

viscous fluids 

unique?



Is the description of relativistic fluid dynamics unique?

• Israel-Stewart “theory” not unique (eg. rBRSSS vs. DNMR).

• Transient behavior of strongly coupled (holographic) 
liquids has different properties than Israel-Stewart theory. 

Is there another way to describe the motion of 
viscous fluids that is compatible with (general) 
relativity?

Denicol, Niemi, JN, Rischke, PRD (2011)
Heller, Janik, Spalinski, Witaszczyk, PRL (2014)
See also Grozdanov, Lucas, Poovuttikul, PRD (2019)



Revisiting the gradient expansion

Hydrodynamics: Simplest effective theory for 

Viscous correction?  Gradient expansion

µB = 0
<latexit sha1_base64="CeodepjAk6UF4JUAzTOYNQPu74A=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE8ld0q6EUo9eKxgv2AdinZNNuGJtklyQpl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzwkRwYz3vG62tb2xubRd2irt7+weHpaPjlolTTVmTxiLWnZAYJrhiTcutYJ1EMyJDwdrh+G7mt5+YNjxWj3aSsECSoeIRp8Q6qd2Tab9+6/VLZa/izYFXiZ+TMuRo9EtfvUFMU8mUpYIY0/W9xAYZ0ZZTwabFXmpYQuiYDFnXUUUkM0E2P3eKz50ywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdFNkHGVpJYpulgUpQLbGM9+xwOuGbVi4gihmrtbMR0RTah1CRVdCP7yy6ukVa34l5Xqw1W5Vs/jKMApnMEF+HANNbiHBjSBwhie4RXeUIJe0Dv6WLSuoXzmBP4Aff4AkoSPEA==</latexit>

All possible 1st order terms
with no time derivatives in the local rest frame

higher orders

Chapman-Enskog, 1930’s
BRSSS, JHEP (2008)
BMHR, JHEP (2008)

Tµ⌫ = Tµ⌫
eq (T, u�) + Tµ⌫

viscous
<latexit sha1_base64="y72luZC387XHmTl/2OLfbLaudjM=">AAACJ3icbVBJSwMxGM3UrdZt1KOXYBEqSpmpgl6UohePFbpBpy2ZNG1DM5kxS6EM/Tde/CteBBXRo//EdMGl9UHg8d77knzPjxiVynE+rMTC4tLySnI1tba+sbllb++UZagFJiUcslBUfSQJo5yUFFWMVCNBUOAzUvF71yO/0idC0pAX1SAi9QB1OG1TjJSRmvZlsRF7gfa4HsILWGzG5G74rWSKx7rhMXNbCx0eGbNPJQ61/Ek07bSTdcaA88SdkjSYotC0n71WiHVAuMIMSVlznUjVYyQUxYwMU56WJEK4hzqkZihHAZH1eLznEB4YpQXboTCHKzhWf0/EKJByEPgmGSDVlbPeSPzPq2nVPq/HlEdaEY4nD7U1gyqEo9JgiwqCFRsYgrCg5q8Qd5FAWJlqU6YEd3bleVLOZd2TbO72NJ2/mtaRBHtgH2SAC85AHtyAAigBDO7BI3gBr9aD9WS9We+TaMKazuyCP7A+vwDMeqcp</latexit>

Tµ⌫
viscous = Tµ⌫

viscous(rT,ru) +O(r2)
<latexit sha1_base64="gjt6cR4TWxPCQPHu7j8/QcBLQ4w="></latexit>

{T, uµ}
<latexit sha1_base64="b3DXYMFzzq1ynDKUMz+aQRkqG4Q=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4kDATBT0GvXiMkA0yY+jp9CRNehl6EcKQz/DiQRGvfo03/8ZOMgdNfFDweK+Kqnpxyqg2vv/tFdbWNza3itulnd29/YPy4VFbS6swaWHJpOrGSBNGBWkZahjppoogHjPSicd3M7/zRJSmUjTNJCURR0NBE4qRcVIvzJoX9jHkNpz2yxW/6s8BV0mQkwrI0eiXv8KBxJYTYTBDWvcCPzVRhpShmJFpKbSapAiP0ZD0HBWIEx1l85On8MwpA5hI5UoYOFd/T2SIaz3hsevkyIz0sjcT//N61iQ3UUZFag0ReLEosQwaCWf/wwFVBBs2cQRhRd2tEI+QQti4lEouhGD55VXSrlWDy2rt4apSv83jKIITcArOQQCuQR3cgwZoAQwkeAav4M0z3ov37n0sWgtePnMM/sD7/AEqNZEt</latexit>



Revisiting the gradient expansion

uµT
µ⌫ = �"u⌫

<latexit sha1_base64="9HWsU0TyaxvI9SxEggqJQaC+Njs=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgY9iNgjZC0MYyQl6Q3Syzk0kyZHZ2mUcgLPkCG3/FxkIRW2s7/8ZJsoUmHrjcwzn3MnNPmDAqleN8W7m19Y3Nrfx2YWd3b//APjxqylgLTBo4ZrFoh0gSRjlpKKoYaSeCoChkpBWO7mZ+a0yEpDGvq0lC/AgNOO1TjJSRArukAy/SsN5NTfO4nsIbeO6NkSCJpCzmUHeNGthFp+zMAVeJm5EiyFAL7C+vF2MdEa4wQ1J2XCdRfoqEopiRacHTkiQIj9CAdAzlKCLST+fnTGHJKD3Yj4UpruBc/b2RokjKSRSayQipoVz2ZuJ/Xker/rWfUp5oRThePNTXDKoYzrKBPSoIVmxiCMKCmr9CPEQCYWUSLJgQ3OWTV0mzUnYvypWHy2L1NosjD07AKTgDLrgCVXAPaqABMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6/AHOhZv1</latexit>

IMPORTANT: If Landau definition is 
assumed to be valid throughout

• First order truncation leads to relativistic Navier-Stokes 
theory, which is acausal and unstable.

• This is not fixed by going to 2nd order in spatial gradients
(note this is NOT Israel-Stewart theory). 

• Can one make the gradient expansion causal and stable?



A new approach to relativistic viscous fluid dynamics
Based on Bemfica, Disconzi, JN, PRD (2017) and PRD (2019)
See also P. Kovtun, JHEP (2019).

Effective theory: Space-time derivative expansion

Most general derivative expansion 
compatible with symmetries

• Definition of       and        not unique out of equilibrium.

• No reason to expect a priori that Landau’s definition is
a reasonable choice of variables.

uµ
<latexit sha1_base64="J+AkCiyx50TIrvVIP+C4LW3wxQg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4juEkgWcPsZDYZMjO7zEMIId/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmFtfWNzq7hd2tnd2z8oHx41dWoVoSFJearaMdaUM0lDwwyn7UxRLGJOW/Hodua3nqjSLJUPZpzRSOCBZAkj2DgptI9dYXvlil/150CrJMhJBXI0euWvbj8lVlBpCMdadwI/M9EEK8MIp9NS12qaYTLCA9pxVGJBdTSZHztFZ07poyRVrqRBc/X3xAQLrccidp0Cm6Fe9mbif17HmuQ6mjCZWUMlWSxKLEcmRbPPUZ8pSgwfO4KJYu5WRIZYYWJcPiUXQrD88ipp1qrBRbV2f1mp3+RxFOEETuEcAriCOtxBA0IgwOAZXuHNk96L9+59LFoLXj5zDH/gff4A60eOwQ==</latexit>

Tsumura, Kunihiro, PLB (2008) 
Van, Biro, EPJ ST (2008)

Tµ⌫
viscous(rT,ru)
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A new approach to relativistic viscous fluid dynamics

Most general derivative expansion compatible with symmetries

where to 1st order in derivatives

Energy density correction Pressure correction Heat flow 

rµT
µ⌫ = 0

<latexit sha1_base64="7lpwYh6jMyLPji7nWyrvAbCzPGQ=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSggQLUgULY5H6kpoQOa7TWrWdyHaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PmDCqtON8W6WV1bX1jfJmZWt7Z3fP3j/oqDiVmLRxzGLZC5EijArS1lQz0kskQTxkpBuOb6d+95FIRWPR0pOE+BwNBY0oRtpIgX3kCRQyFHg8ha2HzDRPpPm1E9hVp+bMAJeJW5AqKNAM7C9vEOOUE6ExQ0r1XSfRfoakppiRvOKliiQIj9GQ9A0ViBPlZ7MDcnhqlAGMYmlKaDhTf29kiCs14aGZ5EiP1KI3Ff/z+qmOrvyMiiTVROD5Q1HKoI7hNA04oJJgzSaGICyp+SvEIyQR1iazignBXTx5mXTqNfe8Vr+/qDZuijjK4BicgDPggkvQAHegCdoAgxw8g1fwZj1ZL9a79TEfLVnFziH4A+vzB1y/lkA=</latexit>

Equations of motion: 

Based on Bemfica, Disconzi, JN, PRD (2017) and PRD (2019)
See also P. Kovtun, JHEP (2019)



Causality and well-posedness are valid in the full nonlinear 
regime, also including Einstein’s equations, when

Rigorous theorems in Bemfica, Disconzi, JN, PRD (2019)

Linear stability also holds: P. Kovtun, JHEP (2019).
Bemfica, Disconzi, JN, PRD (2019).

• Heat flow coefficient lower bound from causality.
• Only 6 coefficients (Israel-Stewart > 10).
• No additional fields besides                   .
• Very different          at freeze-out (scalar, vector, tensor). 

Arbitrary EOS

{T, uµ}
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Conclusions
• QGP formed in heavy ions forces us to explore fluid 
dynamics in the far from equilibrium regime.

• New understanding about the emergence of fluid 
dynamics under extreme conditions: attractors!

• Many connections to string theory, cosmology, 
astrophysics, and mathematics.

• New formulation of relativistic viscous fluids.

• New results pave the way for the systematic study of
of viscous effects in HIC and neutron star mergers.


