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The relativistic point particle

N, = diag (—1,+1,---,+1)

xt — parametrizes the space in which the point particle is moving

T — coordinate that parametrizes the path of the particle
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: / ds




Action

b= 27

Lagrangian density

Conjugate momentum

EOM
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Constraint pupt + m2 = 0

Hamiltonian analysis

oL
N S
H canonical = YT X L 0
Reparametrization invariance
/ N arcyanu —5 analogue of general coordinate
T () = dr $3(7') = drv—2*(r) invariance in 0+1 d
Introduce a Lagrange multiplier N H — 2& (p® + m?)
m
: Nzt
{xu7py} — 55 » aj:u’ — {.CC'U,H} = _an » :,.C2 — _N2
N is arbitrary (gauge election)
. p"
N=1 == gl = = zh(t) = xg + — 7
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Polyakov action

Define a metric on the worldline

dSQ _ 62(7') (dT)2 = grr (dT)2 6(7’) is the einbein
e = /G g7 = e 3(r)

S = %/dT@(T) [6_2(7'):562 — m2} = %/dT@[g”@Tx-&x — mz]

EOM of e:
5S:—E/d7[zz—z—l—m2}(5e = e:%\/—fﬂ
EOM of x:

55 = —/dTaT [e_li“}&vu — g {6—1#} _ 0




Using the value of e:

0. [ My ] _o same as before!

Substituting the value of e in the action:

S = l/dT[e—l(T)ﬁ —me(r)] = —/dTm\/—T;a
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The Polyakov action reduces to the original action



The relativistic string

Extended object that sweeps a 2d worldsheet

0 o

Nambu-Goto action:

SNG=—T/dA

o/ is the Regge slope




Worldsheet coordinates
€a7 &2071 9 (60761) — (7-70-)
Embedding: ¥ — M with £* — X*(£9)

Induced metric

y ox® oxv
ds® = Gy dX*(€)dX"(§) = Gy oge 9EB d§ dfﬂ

A

Gop = Gy 0a X" 95 X" ds? = Gopde* deP

Area element =B  dA = \/— det Gop d*¢

Action =b Sng = =T /\/— detéag d*¢




In a flat spacetime G, = 1,

Induced metric
det Gog = GooG11 — Gy = X* X”? — (X - X')?

OXH : oOXH
po—
Jo AT = ot

:

Snag = —T/\/(X-X’)2 — X2X7? d% = /L d*¢

X'H =

oOXH

EOM — 8T<a.£>+6a<££u>=0

Non-linear PDE



Canonical analysis

X - XNX — X'?2X
I, = @.E — _T( : B . -
OXH \/(X~X’)2 _ X2 X2
Constraints
- X' =0 m + 72 (X')* = 0

Hamiltonian

H:/da[X-H—E}:O

The dynamics is governed by the constraints



Polyakov action

Introduce a worldsheet metric g,g(7,0)

T
Sp = 9 /d2€ —detg g7 9o X" 05 X" 1y

f : o 2 1 (5Sp
HOM of gas 18 =27 /=derg o908 =2 | Tap =0

Since

1
o(det g) = —det g gagdg™” === §|\/—detg| = —= \/—detg gapdg*’
B 2

Energy-momentum tensor

1
aﬁ—a X - 85X—§ga5g 8X 85X




From the eom of the 2d metric

L s
Oo X -0 X = (5 g’ 87X-85X) Yop == induced metric

Substituting in the action

—T\/—det(aaX-(‘?@X) — —§97587X-85X v/ —detg

The Nambu-Goto and Polyakov actions coincide!!

EOM of X*

Ou [ detggaﬁﬁgX“] — 0

Space-time coordinates are scalar fields in 2d!!



Symmetries of the Polyakov action

Poincare transformations
OXH = wh, XY + a" | 0gap = 0

U —
wh, constant and w,,, = —w,,,

2d reparametrizations
& — fH(&) =¢, 9as(§)

Local Weyl transformations
Jas — P (7,0) Jas IXH* = 0

The action is invariant because

v/ —detg — e*\/—detg,

g — e

—@QQB



The ws metric g,3 has three independent components:

goo 9go1 _
(910 911> ; go1 = g10

With a reparametrization we can make the metric conformally flat
Jap = € Tap Nap = diag(—1,+1)

Using Weyl invariance 10
Jap =Tl =\ o 1

The Polyakov action can be gauge-fixed to:

T T2 o
Sp = —5/ dT/O do 1P 0, X" 05 X,




EOM for the flat ws metric

0, 0% X" =0
Explicitly
2 2 : : . |
- wo _
[872 802] Xt =0 just Klein-Gordon in 2d !
The constraints are
T(;,O:TH:%(X2+X’2):O, To1 = Tio = X- X' =0

They can be rewritten as:

(X+X')" =0




Noether currents

Consider a symmetry transformation

Taking € = €(&)

¢ — ¢+ 0c ¢

L—L +ed, J?

Conserved current associated

to Poincare invariance

Translations: XM XH 4 p
Pr = T, X"
Associated
=5

charge

pH = / Ptdo
0

Momentum



Lorentz transformation

0XH = wh XY w#, constant and w,, = —w,,,

Conserved current

JE =T (X0, XV — XV 0y XM)

Generator of Lorentz transformations

JH = /dajﬁy = T/do[X“X” — XV XH]



Boundary conditions
Let us compute a general variation of the action:

5Sp = T/ dT/ do 99, X" 6X, — T/ dT/ do O |0° X" 5X,, |
T1 0 T1 0

Since d X* |T=Tl = 0 in the variational procedure:

T2

0Sp :T/ dT/ do %0, X" 5XM—T/ dr [X’“(SXM}
T1 0 T1

o=0

o=0

The vanishing of the first term implies the eom of X



We would require also

xXmsx,| =0

o=0

For closed strings

Take 0 = 27 and impose periodic boundary conditions

XH(r,0+2m) = XH(1,0)

The boundary requirement is automatically satisfied



Open strings Take o =7

There are two possibilities

@ Neumann boundary conditions

X'(7,0) = 0
@ Dirichlet boundary conditions
X(c=0,m1)=0 <e==p X(7,0) =0
H — o’
X is fixed at c =0, 7 X ’0:7r X
X’u|0=0 — X(IJL

breaks Poincare invariance




Momentum flow

o dp o dPT
— PTd —_— —k P d
Pu /0 49 dT /0 dr ?
Since:
PT = TO. X dr 2 2
oo TSR — ? :T(?TXM:T(?J X,u
Total momentum variation
d&_T 532)( do = [X’(Ta:(})—X’(Ta—O)}
d’T o 2 JTAN JTANG -




The momentum flow vanishes for:

@ Closed strings

@ Open strings with Neumann boundary conditions

(No momentum flow off the ends of the string)

Free boundary conditions

Open strings with Dirichlet boundary conditions
end on some object that absorbs the momentum

v

D-branes




